Abstract. Several semianalytical approaches are now available for describing diffraction of a plane wave by the 2D (two dimensional) traction free isotropic elastic wedge. In this paper we follow Budaev and Bogy who reformulated the original diffraction problem as a singular integral one. This comprises two algebraic and two singular integral equations. Each integral equation involves two unknowns, a function and a constant. We discuss the underlying integral operators and develop a new semianalytical scheme for solving the integral equations. We investigate the properties of the obtained solution and argue that it is the solution of the original diffraction problem. We describe a comprehensive code verification and validation programme.
1. Introduction. Sommerfeld (1896) was the first to solve a wedge diffraction problem -that of diffraction of an electro-magnetic wave by the perfectly conducting semi-infinite screen. In this famous paper, he obtained an exact solution in the form of a superposition of plane waves propagating in complex directions. Nowadays this representation is called the Sommerfeld integral. Sommerfeld (1901) also solved the problem of diffraction of an electro-magnetic wave by the wedge whose angle is a rational multiple of 180 o . He suggested that since any irrational number can be represented as the limit of a rational sequence the result could be extended to any wedge angle. The procedure was implemented by Carslaw (1920) .
Another analytical method for solving two-dimensional diffraction problems was developed by Smirnoff and Sobolev (1932) . They tackled the impulse diffraction by an acoustic wedge under Dirichlet or Neumann boundary conditions, without recourse to the frequency domain. Chapter 12 in Frank and von Mises (1937) which has been written by Sobolev, contains a detailed exposition of the method and describes its application to the acoustic wedge. Friedman (1949a Friedman ( , 1949b and Filippov (1959) both applied this approach to modelling diffraction of an elastic wave by the linear semi-infinite crack in an elastic plane. The time-harmonic version of the problem was treated by Maue (1953) with the Wiener-Hopf technique.
In the 1950's Malyuzhinets (1955 Malyuzhinets ( -1959 solved the problem of acoustic plane wave diffraction by the wedge with impedance boundary conditions. He sought a solution in the form of the Sommerfeld integral -whatever the wedge angle. Then the boundary conditions have been reformulated in the form of functional, difference, equations F (ω ± α) = R ± (ω)F (−ω ± α), where F is an unknown meromorphic function and R ± = (−sin ω − a ± )/(sin ω − b ± ), with a ± and b ± known constants. Malyuzhinets has shown that these equations have an analytical solution. Williams (1959) solved the same problem independently: he took advantage of the structure of R ± to simplify the Wiener-Hopf factorisation.
A good exposition of Malyuzhinets' theory as applied to the acoustic and electro-magnetic wedges was made by Osipov and Norris (1999) . The authors have emphasised the features of the theory which pertain to impedance, the higher order, boundary conditions. These lead to a more involved form of R ± which nevertheless remain rational functions of sin ω and cos ω, allowing for an analytical solution (see also Tuzhilin 1973.) Several mathematicians worked on elastic wedge problems throughout the 1960's and 70's. An analytical solution was found for the slippery rigid elastic wedge -the wedge with the zero tangential traction and zero normal displacement on the boundary (e.g. Kostrov 1966 ). The three-dimensional smooth elastic wedge with mixed boundary conditions also was treated analytically (e.g. Poruchikov 1986 ). A comprehensive review of early papers dealing with diffraction by the elastic wedge was made by Knopoff (1969) .
For the traction-free elastic wedge an analytical solution has been found only in the degenerate cases of wedge angles of 360 o (a linear semi-infinite crack -see Friedman 1949a Friedman , 1949b Filippov 1959 and Maue 1953) 
and 180
o (an elastic half-plane). Plane shear wave incidence along the bisectrix of a quarter plane can also be treated analytically.
There have been many attempts to find an analytical description of diffraction by the elastic wedge in non-degenerate cases. The problem became a diffractionist's analogue of the famous Fermat's Last Theorem. "Diffraction-fermatists" have not been able to obtain any promising results. It appears that there can be no analytical solution. The traction-free elastic wedge problem has to be tackled numerically.
Since the mid 1980's many researchers followed this route. Several relied on potential theory to reduce the problem to integral equations. In particular, the problem of Rayleigh wave diffraction by the traction-free elastic wedge was attacked this way by Gautesen (1985 Gautesen ( -2002c and Fujii (1994 and references therein). Fujii (1994) (Gautesen 2002c) . A detailed exposition of a version of the boundary integral equation approach called the spectral functions method has been given by Croisille and Lebeau (1999) . The authors consider the challenging problem of diffraction of a plane acoustic wave by the elastic wedge immersed in liquid. The monograph contains both fundamental developments and numerical results. The ideas of Croisille and Lebeau have allowed Kamotski and Lebeau (2006) to reformulate radiation conditions that are consistent with physical considerations and also allow one to prove theorems of existence and uniqueness.
In another series of recent papers the problem of diffraction by the traction-free elastic wedge was reduced to the singular integral equations by representing the elastodynamic potentials in the form of the Sommerfeld integrals -in the spirit of Malyuzhinets' approach. Larsen (1981) appears to have been the first to attempt to apply this approach to describe diffraction by the elastic wedge. He considered the zero displacement boundary condition and reduced the problem to a system of functional equations in analytic functions. He suggested that Chebyshev's polynomials could be used to solve the problem numerically, but published no further results. Budaev (1995) and Budaev and Bogy (1995 , 1996 and 2002 have taken the Sommerfeld-Malyuzhinets approach further and reduced the problem to a system of two functional equations in two analytic functions. These equations are similar to the ones obtained in the impedance acoustic wedge problem mentioned above (Malyuzhinets 1955 (Malyuzhinets -1959 but are matrix rather than scalar. Budaev and Bogy (1995-2002) presented numerical results on scatter of an incident Rayleigh wave, but explanation of their numerical scheme and some theoretical arguments are vague. Their computed reflection and transmission coefficients do not always agree with the corresponding numerical results obtained by other authors. Nevertheless, as we show in this paper, Budaev and Bogy's approach is valid. Our immediate aim is to clarify certain aspects of their theoretical treatment, reduce the wedge problem to a singular integral one and analyze its properties, develop a stable numerical procedure for its solution and then, assuming the incident field Rayleigh, evaluate the corresponding diffraction, reflection and transmission coefficients. We argue that the obtained solution is that of the original problem.
In § §2 and 3 we outline our own semianalytical recipe for solution of the singular integral problem, and in §4 we verify and validate the resulting code. In Appendix J we describe the nomenclature and in other Appendices, offer the necessary theoretical considerations, formulas and numerical options. 
Statement of the problem and the Sommerfeld amplitudes.
Let us briefly present the full statement of the original diffraction problem. We seek the elastodynamic potentials φ i = φ i (kr, θ) that satisfy the Helmholtz equations in the two-dimensional the wedge of angle 2α with traction free faces, that is, we address the boundary value problem
Above and everywhere below, the parameter k is the shear wave number; γ = c S /c P is the ratio of the shear and compressional speeds c S and c P and the subscript i takes values 0 or 1. The geometry of the problem is shown in Fig. 1.1 . Given an incident wave we seek the scattered potentials satisfying the radiation conditions at infinity (analogous to the ones in Kamotski and Lebeau 2006, Theorem 4.1) and bounded elastic energy condition at the wedge tip. Note that the potentials are related to displacement u = u(x) via u = ∇φ 0 + ∇ ⊥ φ 1 , where the nabla operators are ∇ = (∂ x , ∂ y ), ∇ ⊥ = (∂ y , −∂ x ). Note too that in view of this representation the Helmholtz equations imply
It follows that φ i (kr, θ) are uniquely defined by u(x) and since for the corresponding Lamé problem in u(x), the existence and uniqueness results have been proven (Kamotski and Lebeau 2006 and Kamotski 2003 , Theorem 3.1), the above diffraction problem as formulated in terms of the potentials has a unique solution too. Moreover, due to (2.4) all the analytical properties of u(x) established in Kamotski and Lebeau (2006) imply the corresponding properties of φ i (kr, θ).
The solutions φ i (kr, θ) of the Helmholtz equations can be represented in the form of the Sommer-feld integrals
which can be rewritten as
Here the Π shaped contour C runs from −π/2 + i∞ to 3π/2 + i∞. The contour C is the reflection of C with respect to the origin, and the full integration contour C C is shown in Fig. 2 .1. One can justify (2.6) by applying the Laplace transform in kr to φ i (kr, θ), changing the Laplace variable s to ω, such that s = i cos ω and exploiting the behavior of φ i (kr, θ) both in the vicinity of the wedge tip and at infinity (for details see Appendix A). It follows that the analytic functions Φ i (ω) possess a finite number of singularities in any vertical strip and are regular at the imaginary infinity. Moreover, in Appendix B we show that the tip behavior of φ i (kr, θ) determines the asymptotic expansion of Φ i (ω) at the imaginary infinity and provides us with an asymptotic estimate
which assures the convergence of integrals (2.6). Note that these integrals are invariant under the transformation Φ i (ω) → Φ i (ω) + const. In Appendix B we also show that as Im ω → ∞, the asymptotic expansion of the preexponential factor in (2.6) contains a constant term. Below, we choose so that the constant terms in their asymptotic expansions valid as Im ω → ∞ and Im ω → −∞ differ only by sign. We call those Φ i (ω) the Sommerfeld amplitudes. Introducing the closed contour C (−C 2 ) C (−C 1 ), the Sommerfeld integrals (2.5) can be evaluated as the contributions of the poles and branch points inside that contour plus the sum of integrals over the steepest descent contours C 1 and C 2 . The former describe all bulk and surface waves arising in the problem as well as the head waves, and the latter can be evaluated using the steepest descent method to provide a description of the tip diffracted body waves. It follows that all physically meaningful poles and branch points of Φ i (ω + θ) must be located between the contours C 1 and C 2 and in this region the Sommerfeld amplitudes Φ i (ω) should contain no physically meaningless singularities. Since inside the wedge we have |θ| ≤ α, this means that all physically meaningful singularities -and only them-must lie at a finite distance from the horizontal axis between the contours C 1 and C 2 as shifted horizontally by −α and α respectively, that is within the Malyuzhinets region
To summarize, the scattered field can be fully described once an efficient algorithm is produced for calculating the Sommerfeld amplitudes Φ i (ω) in the region (2.8). We proceed with this task.
3. Problem reformulation. In view of its symmetry with respect to the polar angle, the original problem naturally splits into "symmetric" and "antisymmetric", corresponding respectively to the symmetric and antisymmetric parts of the incident wave. These involve functions Φ ± i (ω), such that we have
We follow the approach pioneered in elastodynamics by Budaev (1995) and first substitute (2.6) into the boundary conditions (2.2) and (2.3) to obtain the system of functional equations. We then employ the singular integral transforms to reformulate the problem as a system of algebraic and singular integral equations.
3.1. Functional equations. Let us start with the symmetric problem. The boundary conditions (2.2) and (2.3) imply
where a 1 (ω) = sin 2ω, a 2 (ω) = −cos 2ω and a 3 (ω) = −2cos 2 ω. Introducing in the first terms of both (3.2) and (3.3) the new integration variableω, such that cosω = γ cos ω, dropping the check and transforming the contour of integration back to C the equations acquire the form
where, due to (2.7), as 
where t 11 = cos 2ω sin ω/ γ 2 − cos 2 ω, t 12 = t 21 = sin 2ω, t 22 = −cos 2ω; and we have
with c + jk , j, k = 1, 2-unknown constants. The function g(ω) = cos −1 (γ −1 cos ω) relates the incidence shear angles to compressional reflection angles and its branch cuts are chosen so that the deformed contour of integrationČ = {ω = g(ω) : ω ∈ C} may be transformed back to C without touching them. They are the segments
The branch of g(ω) is chosen so that it has the properties
In order to investigate restrictions on c + ij let us substitute expansions (B.7) of the Sommerfeld amplitudes into (3.5) and equate the coefficients of the leading asymptotic terms in the resulting equations. Firstly, we note that in the symmetric case, (B.7) contains no constant terms and therefore, there are no exp(−2iω) terms in the left hand sides of these equations. This implies that c where from now on, for simplicity, we use notation c
. The antisymmetric problem can be treated similarly, with one minor modification: For all wedge angles α, expansion (B.7) might contain a nonzero constant term Φ − 00 and therefore, the functional equations might contain a second order term. However, this term can be eliminated by subtracting Φ − 00 from the Sommerfeld amplitude Φ − 0 (ω), redefining it in the process. The corresponding functional equations are
with
We note that the above reasoning involves only the asymptotic terms with p − m = 0 or else with p ± m = 1 and N ± m = 1, and therefore applies to all wedge angles under consideration. We note too that Budaev and Bogy have made several attempts to establish restrictions on the constants. They first used the arguments of the type outlined above in Budaev and Bogy (1998) . By excluding from consideration the terms with p ± m = 1, it is easy to reach the erroneous conclusion that all constants c ± jk are zero. In the static problems, such exclusion is justified, because the terms describe body translations. By contrast, in the dynamic problems, their presence is indicative of nontrivial phenomena.
We proceed by discussing the singularities of the Sommerfeld amplitudes. First, we assume that the incident wave is plane or Rayleigh, so that it manifests itself in Φ ± i (ω) in the form of terms which contain simple poles θ iℓ in the strip | Re ω| ≤ α. The functional equations (3.5) and (3.12) can be recast as 14) where the reflection coefficients for the traction free elastic half space r jk (ω), j, k = 1, 2 as well as the Rayleigh function ∆(ω) and functions e ± j (ω) are given in Appendix J. The system (3.14) can be used to effect the analytical continuation from the strip | Re ω| ≤ α and thus find all poles θ iℓ of the Sommerfeld amplitudes, with their respective residues, which are located in the strip Re ω ǫ I = [π/2 − α, π/2 + α]. The rationale behind the choice of the latter strip is clarified below. The poles are incidence and reflection angles of the respective incident, reflected and multiply reflected waves and their residues describe the amplitudes of these waves-see Budaev and Bogy (1995, Eqs. (17) and (18)). The first index in θ iℓ refers to the mode of the wave and the second to its place in a sequence of all incident and (multiply) reflected waves (see Appendix D).
Let us now again follow the above authors and introduce the decomposition
where the unknown Φ ± i (ω) is regular in the strip Re ω ǫ I, and the known Φ
Above, an otherwise arbitrary function σ(ω) should be chosen to be analytic everywhere inside the strip Re ω ǫ I, except for a simple pole at zero, where it has the residue one. The weakest restriction we can impose on behavior of σ(ω) at the imaginary infinity is that it grows slower than exp(| Im ω|π/2α). Instead, we impose a stronger restriction-that it behaves as the amplitudes in (2.7). If σ(ω) possesses singularities which lie outside the strip Re ω ǫ I the functions Φ ± i (ω) contain extra poles which describe waves that are outgoing at physical reflection angles but have nonphysical amplitudes. This causes no complication, since the corresponding singular terms in Φ ± i (ω) and Φ ± i (ω) mutually cancel. Next we substitute decomposition (3.15) into the functional equations (3.5) and then (3.12) to obtain the following inhomogeneous systems of equations for the regular components of the Sommerfeld amplitudes,
and
where we use notations
To summarize, following Budaev and Bogy, the original problem can be reformulated as the following boundary value problem in the theory of analytic functions: Seek constants c The above considerations and the properties of the Sommerfeld transform which are outlined in Appendix A show that such a pair exists if there exists a solution of the original problem. The uniqueness of Φ ± i (ω) is a more complicated issue which we address in §5. 3.2. Singular integral equations. Budaev (1995) has suggested to exploit the fact that for all functions F (ω) satisfying the first of the above assumptions, the singular integral transform
has the property
This means that on the vertical line Re ω = π/2, the terms in the square brackets in (3.17) and (3.18) are related by H. The terms in the curly brackets are linked by a similar explicit transform,
where g ′ (ξ) = dg/dξ. This suggests introducing new unknown functions
Note that the line Re ω = π/2 is of special significance, because the function g(ω) maps it onto itself. We can now use (3.21) to transform (3.17) and (3.18) into the system comprising algebraic equations and singular integral equations which hold on the vertical line Re ω = π 2 . This is the crux of Budaev and Bogy's approach.
Changing to the new independent real variable η, such that ω = π/2 + iη, the symmetric problem becomes
where we have
Standardizing notations and substituting (3.24) into (3.25) the problem transforms to a final singular integral equation in two unknowns, a function y + (η) and a constant c 27) where M + = H − aHb. Using the same approach the antisymmetric problem transforms to
where M − = H − bHa. The rest of the nomenclature can be found in Appendix J.
4.
A New Numerical Schedule. Budaev and Bogy (1995 , 1996 , 2002 have advanced various implementations of the numerical schedule for computing Φ ± i (ω), all of which involve the following three steps:
1. evaluating y + (η) and x − (η) on the line η = 0 (Re ω = π/2) by solving the singular integral equations (3.27) and (3.29) , and then evaluating x + (η) and y − (η) by solving the algebraic equations (3.24) and (3.28); 2. evaluating Φ ± i (ω) in the strip Re ω ǫ I, using the convolution type transforms (4.13) and (4.14) below, with the kernels singular on the boundary of this strip;
3. continuing the computed Sommerfeld amplitudes Φ ± i (ω) analytically to the right of the strip Re ω ǫ I by using the functional equations (3.14). Recastin these equations to effect the continuation to the left of Re ω ǫ, I. We have developed an alternative recipe for carrying out the first two steps.
4.1.
Solving singular integral equations in two unknowns on the line η = 0 (Re ω = π/2). Let us consider the symmetric case first. Operator M + is not analytically invertible, but Budaev and Bogy (1995) suggest that Eq. (3.27) can be rewritten as
where H is the singular operator introduced above, analytically invertible in the space of bounded functions; K is a regular operator; and d(t) is an exponentially decreasing function. Importantly, H has the property
and therefore, its range consists of all L 2 (R) functions, with the zero integral, where L 2 (R) is the space of all integrable functions of real variable. Budaev and Bogy (1996) state that they regularize (4.1) by applying H −1 to both its sides. They carry out numerical evaluation of the resulting singular integral equation by using (4.2) as a constraint and calculate c 1 and y(η) both at once. By contrast, below we argue that the right hand side of (4.1) belongs to the domain of H −1 for only one value of c 1 , carry out the regularization by finding this value and thus arriving at a singular integral equation in one unknown, y(η). At present, our schedule works only for α < π/2.
We start by observing that Eq. (4.1) is solvable only if its right hand side belongs to the range of Hd + K. We cannot describe this range explicitly. However, it is clear that (−Ky
should be in the range of H. It follows that we must have
All our numerical experiments confirm that neither q 
By substituting (4.4) into (4.1), c + 1 is eliminated and we obtain (Hd + P q
where an unbounded projector
maps any function in L 2 (R) with a finite integral into the range of H and has the property
We refer to the function q(η) as the projector kernel. Note that in (4.5), the integrals of both P q
Ky + (η) and P q + 1 q + 0 (η) are zero, and therefore, the inverse operator H −1 can now be safely applied to both sides. Introducing on top of that a new unknown function y
where
Kd −1/2 is an operator with a smooth kernel and the right-hand side q
The equation involves one unknown, y + (η), and can be solved using a standard quadrature method (see e.g. Atkinson 1977) . Note that normalizing the original unknown by d 1/2 (η) rather than d(η) leads to a new operator with a bounded kernel (cf. Budaev and Bogy 1995). The normalization achieves symmetrization of the kernel, so that whether η → ∞ or t → ∞, it exhibits the same singular behavior.
Eqs. (4.4) and (4.5) imply (4.1). This means that the combination of c + 1 and a solution of (4.5) gives us the solution of (4.1). However, in our code instead of solving (4.8) we implement a slightly different approach: Since q + 1 (η) is rather complex, instead of P q + 1
we employ the projector P q2 , with the kernel
Numerical experiments have shown that this kernel leads to a stable evaluation scheme. We then regularize and solve two equations
(see Appendix E). The "solution defects" 
The antisymmetric problem can be treated in a similar manner (see Appendix E).
Evaluating Φ
± i (ω) in the strip Re ω ǫ I. As already mentioned above, according to Budaev and Bogy's (1995), evaluation of Φ ± i (ω) in the strip Re ω ǫ I can be carried out by using the singular convolution type integrals,
with f
. If-as is the case for the Sommerfeld amplitudes of the solution of the original problem-as Im ω → ±∞, the leading terms in (B.7) are O(exp(±ipω)), with Re p > 0, then for α < π, − Re p − π/2α < 0 and therefore, the above integrals converge.
We start with the integral of the type (4.14). Its generic form is 15) where the new complex variable is ξ = π/2 − ω. When | Re ξ| < α, the integral (4.15) can be approximated using the trapezoidal rule. The approximation error is of order O [exp (−2πσ/h)], with h-the distance between the nodes of a uniform mesh and σ(ω)-the half width of the strip which is centred on the real line and inside which the integrand is regular. In our case, σ ≤ min{α − Re ξ, α + Re ξ} and as Re ξ → α, the accuracy of the trapezoidal rule deteriorates. Therefore, a more robust quadrature formula is required, with accuracy depending on the function f (η) and not on parameter ξ. One such formula may be obtained with a modified sinc function,
Note that we have
where the sum on the right interpolates f (η). Therefore, the integral (4.15) may be approximated by 19) with the coefficients given by
These can be evaluated approximately by introducing new variablesη = η − nh andξ = ξ + inh. Then (4.20) can be rewritten as
. It is clear that a significant contribution to (4.21) is made only by the poles,η = 0 andη = i[ξ ± α] (in the upper and lower half plane respectively); other residues contain small exponential factors. Therefore, applying the Cauchy Residue Theorem and taking into account that the first pole lies on the contour of integration, we have
which-returning to the original variables ξ and η-gives us a new quadrature formula
Let us now consider the integrals of the type (4.13). Its generic form is 4.26) to the integral of type (4.15) and evaluate the result using a uniform mesh in χ. However, both integrals (4.15) and (4.26) involve the solution of (3.27), and therefore, it is more reasonable to evaluate both integrals using the same mesh. Then following the same reasoning as above, (4.26) may be approximated by 27) where the coefficients are given by 28) and the main contributions to (4.28) are made by the zeroη = 0 (η = nh) of the hyperbolic sine in ω h and the zeroη = ia ± − nh (η = ia ± ) of the cosine-function, where ξ + iχ(ia ± ) = ∓α. The latter equation implies that iχ(ia ± ) = −sin −1 (γ −1 sin a ± ) = ∓α − ξ, and therefore, we have
with Re a + > 0 and Re a − < 0. Applying to (4.28) the Cauchy Residue Theorem and noting that the poleη = 0 lies on the contour of integration we obtain
where χ ′ (a ± ) = cos a ± / γ 2 − sin 2 a ± . Returning to the original variable η, the resulting quadrature formula is
The first terms on the right of both (4.25) and (4.31) effect the trapezoidal rule and the second give a correction.
5. Code Testing. Using the above considerations we have developed a new code for evaluating the Rayleigh reflection and transmission coefficients for elastic wedges (see Appendix G). The integral equations we solve have the form of the Fredholm equations of the second kind, but it can be shown that the operators involved are not Fredholm (cf. the statements in Budaev and Bogy 1995, p. 251). We possess no analytical proof that these equations can be solved uniquely. Nevertheless, our code produces a solution, and below we describe verification tests that allow us to state with confidence that when transformed back to the physical space this solution satisfies the original diffraction problem. We also describe successful validation tests, comparing output of our code with published numerical and experimental data. Of course, the positive outcomes of these tests do not constitute a theoretical proof that the code is correct. Note that throughout this section we characterize materials by their Poisson's ratio ν, where γ = (1 − 2ν)/[2(1 − ν)].
Code verification.
We have designed verification tests to establish that the computed functions Φ i (ω) are the solutions of the original physical problem, in particular, that they (i) are bounded at imaginary infinity;
(ii) are analytic at the boundary of the strip Re ω ǫ I; (iii) possess only physically meaningful singularities. The property (i) is confirmed by direct examination of the computed functions x − (η) and y + (η) divided by exp(−|η|). At large |η| the ratios appear to behave as O(1). It follows that the amplitudes Φ i (ω) obtained by the analytical continuation must be bounded at the imaginary infinity, η = Im ω → ∞.
Since the last step in the analytical continuation is carried out strip by strip, all 2α wide, there is no guaranty that any computed Φ i (ω) should be smooth at the boundaries of the initial strip Re ω ǫ I. However, examination of the numerical output related to Figs. 5.1-5.3 confirms that our approximations are smooth: The numerical derivatives of computed Φ i (ω) jump at the boundaries of the strip by about 10 −4 . It follows that the property (ii) is satisfied. Interestingly, when attempting to solve an incorrect problem, with the constants c ± 1 put to zero, the computed Φ i (ω) themselves jump at the boundaries by about 10 −2 .
Similarly to (ii), the property (iii) should be satisfied by the Sommerfeld amplitudes of the solutions of the original wedge diffraction problem, but it is not obvious that the computed solutions of the corresponding functional equations should satisfy it as well. Indeed, the way they are constructed assures that the computed amplitudes Φ i (ω) have physically meaningful poles and since the functional equations that are used to effect the analytical continuation involve reflection coefficients r jk (ω), with the branch point at ω = θ h and poles at ω = ±iβ R (see (3.14) and Appendix J), they possess physically meaningful branch points and Rayleigh poles too. However, by the same token, the analytical continuation scheme might endow these amplitudes with extra, physically meaningless singularities. Remarkably, when the incident wave is compressional or shear at ω = −α ± iβ R all our computed residues are of order 10 −7 , i.e. are numerical zeros. Thus, the computed Sommerfeld amplitudes possess no Rayleigh poles corresponding to physically meaningless Rayleigh waves incoming from infinity. Furthermore, Fig. 5 .1-5.2, which respectively relate to a purely symmetric and purely asymmetric case, confirm that inside a neighborhood of zero which includes the strip Re ω ǫ I, the computed Sommerfeld amplitudes possess the symmetries described in (3.1), that is Φ The properties (i), (ii) and (iii) of the computed Sommerfeld amplitudes respectively imply that they possess all the properties expected of the Sommerfeld amplitudes of the solutions φ i (kr, θ) of the original diffraction problem, so that their corresponding Sommerfeld integrals satisfy (i) the Helmholtz equations and correct tip condition; (ii) zero stress boundary conditions; and (iii) radiation conditions (which exclude nonphysical Rayleigh or head waves incoming from infinity). Fig. 5 .1 provides one more confirmation that the computed functions Φ i (ω) are the Sommerfeld amplitudes of solutions φ i (kr, θ) of the original wedge problem: They show that for the symmetric compressional wave incidence, both Φ i (ω) are imaginary and therefore, the corresponding displacements are real. This is consistent with the physics of the problem, since unlike with the symmetric shear wave incidence, there is no total internal reflection, that is no imaginary displacement component. Finally, a numerical stability of the scheme is ascertained by the fact that different choices of adjustable function σ(ω) in (3.16) all give similar results (see Appendix H). Tables 5.1 Fujii (1994) . Each Fujii's column contains values corresponding to different choices of an adjustable parameter. The parameter allows one to evaluate singular integrals on the real axis by moving the poles away from the axis into the complex plane. This is equivalent to employing the radiation condition at infinity in the form of the limiting absorption principle. From the physical point of view, the singularities cannot be moved too far. However, when they are too close the evaluation algorithm becomes numerically unstable. The top rows in the tables are obtained with the parameter values that correspond to a more physically meaningful situation and the bottom ones, with the values that give better numerical stability. The tables demonstrate that for the larger wedge angles the agreement with our computations is quite good, but for the smaller ones our values lie outside Fujii's range. This is not surprising, because when the wedge angles are small there are many multiply reflected waves and the residues of many resulting poles are large. For this reason, when the wedge angles are small, the present version of our code looses its numerical stability. To continue, in Figs. 5.4 (a) and (b) we present our Rayleigh reflection and transmission coefficients as functions of the wedge angle, computed for ν = 0.234. They fit Fujii's numerical and experimental data extremely well (see our Fig. 5.5 or Fujii 1994, Fig. 7 We finish this section by comparing our computed Rayleigh reflection and transmission coefficients for the quarter space with Gautesen's. On taking into account that Gautesen's coefficients are complex conjugates of ours and thus, our phases must have the opposite sign, the agreement between the calculations is very good (see Fig. 5.6 ).
Code validation. Our first validation results are presented in
6. Conclusions. We have studied the properties of the underlying integral operators and developed a new numerical schedule for solving the singular integral problem that arises in Budaev and Bogy's approach to diffraction by two dimensional traction free isotropic elastic wedges. We have also developed new quadrature formulas for evaluating the singular convolution type integrals that are utilized in this approach. Although the analytical justification of the method is not entirely rigorous, the code has undergone a series of stringent internal verification tests directed at establishing that it solves the original physical problem as well as validation tests against numerical and experimental results reported by other authors. It appears to be successful when simulating diffraction by wedges 
of angles between 40
o and 178 o of plane incident waves, compressional or shear. When the incident wave is a Rayleigh the lower limit of applicability goes up to 45 o .
Appendix A. Analytic properties and asymptotic expansions of Φ i . In this Appendix we first follow Malyuzhinets (1957) , Osipov and Norris (1999) and Budaev and Bogy (1995) and explain in more detail why the elastic potentials φ i may be represented in the form of the Sommerfeld integrals. We then elucidate the analytic properties and asymptotic expansions of functions Φ i (ω).
A.1. The representation of φ i in the form of the Sommerfeld integral. We develop our arguments for the potential φ 1 only. The potential φ 0 may be treated in a similar manner. Let us introduce the Laplace transform
The behaviour of ψ(kr, θ) at infinity is known from the physics of the problem: The potential comprises the incident and reflected waves, waves diffracted by the wedge tip, head and Rayleigh waves. As r → ∞ the corresponding terms in the asymptotic expansion of the function ψ are of order O(1). Their derivatives in both r and θ are of the same order. It follows that the function Φ 1 (s, θ) is defined and regular on the whole half-plane Re s > 0. As s → iτ + 0, where τ is real, the function Φ 1 becomes the Fourier transform of ψ(kr, θ). For any θ, the function Φ 1 (iτ + 0, θ) has a finite number of singularities. Each is associated with one of the waves mentioned above. Excluding these singularities, the function Φ 1 (iτ + 0, θ) is an analytic function of τ .
Using the inverse Laplace transform, ψ(kr, θ) may be written as
Introducing a new independent variable ω, such that s = i cos ω, Eq. (A.2) becomes the Sommerfeld integral
where we use the notationΦ
and C is a shaped Sommerfeld contour running from i∞ to π + i∞ (see Fig. A.1) .
0 π Since Φ 1 (s, θ) is regular in the right half-plane Re s > 0 and the new variable s = i cos ω maps this half-plane onto the half-strip {0 < Re ω < π, Im ω > 0}, it follows thatΦ 1 (ω, θ) is regular inside this half-strip.
A
and derivatives ∂ θ ψ, and ∂ 2 θ ψ remain bounded. The boundedness of ψ implies that for a fixed arg s, such that −π/2 < arg s < π/2, the function Φ 1 (s, θ) = O(s −1 ). Taking into account the formula (A.4) this in its turn implies thatΦ 1 (ω, θ) = O(1). The same estimate is valid for the derivatives ofΦ 1 , so that
Let us assume that 1. excluding a finite number of poles and branch points on the boundary of the half-strip {0 < Re ω < π, Im ω > 0}, for any fixed θ, the functionΦ 1 is regular inside the half-strip − ε < Re ω < ε + π, Im ω > −ε; (A.5)
2.Φ 1 is regular in the vicinity of 0; 3. for large Im ω, inside the half-strip (A.5),Φ 1 , ∂ θΦ1 , ∂ 2 θ θΦ 1 = O(1). These assumptions may be justified using results of Kamotski and Lebeau (2006) ; they allow us to transform the contour C (see Fig. A.1) into the contour
where the constant is sufficiently large and 0 < ε ′ < ε. Following Budaev (1995) let us transform the contour C in the integral (A.3) into the contour C ε ′ and substitute the resulting integral into the Helmholtz equation. We obtain
The Nullification Theorem implies that inside the contour C ε ′ we have
Excluding the poles and branch points, the functionΦ 1 and its derivatives are regular functions inside the contour (A.6). Therefore, (A.8) is valid inside the region (A.5). Eq. (A.8) impliesΦ
Let us apply the operator ∂ ω + ∂ θ to both sides of (A.9). This gives
Excluding its poles and branch points, the function in the left-hand side of (A.10) is regular inside the region {|θ| ≤ α, Im ω > −ε, −ε < Re ω < π + ε}. Therefore, both Φ
1 and [Φ
1 ] ′ are regular inside this region and excluding its poles and branch points, Φ
1 (ω) is regular in the half-strip
Applying the operator ∂ ω − ∂ θ to both sides of (A.9) we obtain
Eq. (A.12) implies regularity of Φ
1 (ω) in the half-strip
As kr → ∞, regularity of Φ
1 and Φ
1 allows us to evaluate the integral (A.3) using the stationary phase method. The stationary points are ω = 0 and ω = π. The asymptotic term Φ 1 (0, θ)exp [i(kr + π/4)]/ √ 2πkr, evaluated at ω = 0 is zero, because there can be no cylindrical wave incoming from infinity. Therefore, we haveΦ
and in the neighbourhood of θ = 0,
It follows that (A.15) is satisfied identically. Therefore, we havê
where we dropped the superscript (1). A further change in notations finally gives us Eq. (2.5). A.3. The domain of regularity and location of singularities of Φ 1 (ω) . Let us return to (A.10). Its left-hand side is regular in the region {Im ω > 0, 0 < Re ω < π}; |θ| ≤ α}. Therefore, the function Φ 1 (ω) has no singularities in the half-strip {−α < Re ω < π + α, Im ω > 0}. It can be similarly argued that the half-strip {−π − α < Re ω < α, Im ω < 0} contains no singularities either (see Fig. A.2 , where the dashed and solid lines are the boundaries of the two half-strips in which the function Φ 1 (ω) is holomorphic.) However, there might be singularities on the boundaries of these half-strips.
Let us consider the solid lines
The singularities which lie on these lines give rise to incoming surface waves. Let us discuss this point in more detail. Let us consider the Sommerfeld integral
When evaluating (2.5), any pole ω 0 of Φ 1 (ω), such that −α < ω 0 < α, gives rise to a plane wave with the phase factor exp [ikrcos (ω 0 − θ)] (see (A.20) ), that is a plane body wave propagating along the ray θ = ω 0 which lies inside the wedge. By the same token, any pole ω 1 = −α + iβ R of Φ 1 (ω), with β R > 0 gives rise to a plane wave with the phase factor e ikrcos (ω1−θ) = e ikrcos (α+θ) cosh βR e −krsin (α+θ) sinh βR , (A. 20) so that its amplitude is exponentially small everywhere except for a small neighbourhood of the wedge face θ = −α. Thus, the pole ω 1 = −α + iβ R , β R > 0 gives rise to the surface (known as Rayleigh) wave which propagates from infinity to the wedge tip along the wedge face θ = −α. Similarly, any pole ω 2 = α − iβ R corresponds to the Rayleigh surface wave which propagates from infinity to the wedge tip along the wedge face θ = α.
A.4. The asymptotics of Φ i at infinity. Let us finish this Appendix by discussing the behaviour of Φ i (ω) at infinity. Again we carry out the argument for Φ 1 = Φ 1 only. The Laplace transform Φ 1 (s, θ) has an asymptotic expansion similar to (B.2), with the expansion coefficients that are functions of θ (Fedoryuk 1977 and and Osipov and Norris 1999, Theorem 2). Significantly, the p = 0 terms are either absent or involve constant coefficients (Kozlov et al. 2001) . Therefore, the function
has the expansion of the type (B.2) without a constant term. Using (A.4) this implies that as Im ω → ∞, Φ ′ 1 (ω) → 0 and therefore, Φ 1 (ω) → const. When the constant is chosen to be zero (or another specified value) we call the corresponding function Φ 1 (ω) the Sommerfeld amplitude. Ting, 1984) . The analysis of these plots shows that in our range of wedge angles, the tip conditions are assured for those non-negative exponents with the minimal real part that are either 1 or else are solutions of the corresponding transcendental equations, with the real part less or equal than 1. In other words, all leading exponents in (B.1), that is, the exponents with the minimal real part lie in the strip
The root loci in Ting (1984) also show that at one wedge angle, 2α * ≈ 0.8π, we have a degeneracy: In the corresponding symmetric problem, the exponent with the minimal real part, p + * ≈ 0.76 is a multiple root of the corresponding transcendental equation (B.3). The corresponding multiplicity N + * = 2. There are no multiple roots p − 0 which have the minimal real part and simultaneously satisfy (B.5). It follows that for α * , the leading terms in (B.1) are
The behavior of potentials φ ± i (kr, θ) in the vicinity of the wedge tip dictates the asymptotic behavior of the Sommerfeld amplitudes Φ ± i (ω) at infinity: For example, it is easy to check that for any small ε > 0, as Im ω → ∞, Φ ± i (ω) have expansions
Note that in the symmetric case, the expansions contain no constant terms (so that the leading exponents are 1 and possibly a solution of (B.3), with the real part in (0, 1)), but these may be present in the antisymmetric case (so that the leading exponents there are 0 and 1).
Appendix C. Radiation conditions at infinity.
In wedge problems, the radiation conditions at infinity are readily expressed in the form of the limiting absorbtion principle: As kr → ∞, the diffracted waves u diff with Im k < 0 should decay exponentially. The solution of the original problem is obtained by taking the limit as Im k → 0.
Recently a version of the limiting absorbtion principle for the elastic wedge has been justified in Kamotski and Lebeau (2006) . As a result, the new radiation conditions have been introduced which are consistent with the physics of the dynamic problem under consideration. The new radiation conditions have allowed the authors to prove that the elastic wedge problem stated in terms of displacements has a unique solution. Reverting to the language of potentials the Kamotski and Lebeau conditions may be re-written as the inner radiation conditions |θ|<α−(kr) −1+ε
surface radiation conditions
where k R = Ω/c R plus the requirement that as kr → ∞ the diffracted field satisfies the boundedness condition. Following the methods of Kamotski and Lebeau (2006) it must be possible to show that the same conditions are sufficient for proving uniqueness of the elastic wedge diffraction problem stated in terms of elastodynamic potentials.
Appendix D. Geometrico-elastodynamic poles of Φ i .
In this Appendix we present recursive formulae for evaluating the geometrico-elastodynamic poles of Φ i (ω) with the corresponding residues. 
Res Φ
The poles lie in the strip | Re ω| ≤ α. It follows from the first equation in (3.14) that Φ + 0 (ω) also has P-P poles θ 0ℓ , ℓ = 3, 4, with the respective residues Res Φ + 0 (θ 0ℓ ). These describe the once reflected compressional wave and are given by
The S (shear) waves generated on the first reflection are associated with the P-S poles ω = θ 1ℓ , ℓ = 3, 4, with the corresponding residues Res Φ + 1 (θ 1ℓ ). These are given by
Similarly, the poles θ 0ℓ and θ 1ℓ , ℓ = 5, 6 of the type P-P-P and P-P-S are described by formulae (D.3) and (D.4) respectively. The P-S-P poles θ 0ℓ , ℓ = 7, 8 are given by
and P-S-S poles θ 1ℓ , ℓ = 7, 8 by
The above formulae should be applied recursively until one evaluates all poles within (2.8). Due to the symmetry of Φ D.2. The antisymmetric problem. The antisymmetric problem allows a similar treatment, the analytic continuation should also be performed using Eq. (3.14) with the "−" superscipt.
Appendix E. The integral equations for one unknown.
Symmetric problem. The two final regularized integral equations to solve are
where L + is an operator with a smooth kernel
The respective right hand sides of Eqs. (E.1) are given by
with q + i (η) given in Appendix J. On solving (E.1), y + (η) is obtained using
where c
Antisymmetric problem . Analogously to the symmetric case, the two final regularized integral equations to solve are
where the integral operator is
The respective right hand sides of Eqs. (E.5) are given by
with q − i (η) given in Appendix J. As above, x − is obtained on solving (E.5) using
Appendix F. The branch points of Φ i (ω). Let us show that the Sommerfeld amplitudes Φ + i (ω) that satisfy the functional equations (3.5) and conditions(3.1) can have only physically meaningful branch points. For simplicity of presentation, let us assume that θ h < 2α (in the opposite case, a slightly more involved argument still goes through.) Using the branch points of g(ω), the only branch points that Φ 
Indeed, all possible branch points of g(ω) are πn ± θ h (see (3.7) ). In principle, applying (3.5), they could generate many branch points in Φ 
In the vicinity of θ h , there exist the constants a n such that we have Since the coefficients t 21 (ω) and t 22 (ω) have no branch points, there are no branch points in Eq. (F.2). It follows that the point −α + θ h which does not have any physical interpretation is not a branch point of the function Φ + 1 (ω). Similarly, it can be shown that the points −α − θ h and α ± θ h are not branch points of Φ + 1 (ω). Analogous considerations apply in the antisymmetric case. We conclude that the branch points of the Sommerfeld amplitudes of the solution of the original problem that lie in the physical region (2.8) and therefore give rise to physical waves, lie outside the strip Re ω ǫ I. This means that they do not have to be taken into account in the functional equations for Φ ± i (ω) or by the same token, in the resulting singular integral problem. On the other hand, we have no theoretical proof that Φ ± i (ω) that we eventually compute have only physical branch points in the physical region(2.8). We can confirm this fact only by carrying out numerical tests. so that using the additional angles θ 0,R = −α + g(ω R ) and θ 1,R = −α + ω R , we have
As before, the dash denotes the derivative with respect to the argument.
Appendix H. Adjustable functions and parameters in singular terms.
As any other numerical code ours relies on a choice of certain options which effect a tradeoff between numerical accuracy and either running time or else numerical stability. Apart from the relevant grids, these options are with various values β < π/(2α). However, any σ(ω) different from (H.1) leads to more cumbersome right hand sides of the integral equations and exhibits a slower decay. As a result, the function (H.2) while increasing the stability of the solution, increases the code run time roughly tenfold. For this reason, we abandon (H.1) only when θ inc is near critical angle. In this region we use (H.2), with β = π/(6α).
(ii) Number of poles. When evaluating the poles of the Sommerfeld amplitudes we do not have to restrict ourselves to the strip Re ω ǫ I. The more poles that are utilized in evaluation, the wider the domain of analyticity of the corresponding unknowns Φ i (ω) and therefore, the higher the accuracy. On the other hand, some nonphysical poles possess residues with large amplitudes and cause numerical instability. In the present version of the code, when θ is away from critical we take into account all poles in the strip Re ω ǫ I, and when θ is near critical we take into account all poles in the wider strip Re ω ǫ [π/2 − 2α, π/2 + 2α].
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